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ABSTRACT

In this paper, the problem of receiver design for orthogonal frequency division multiplexing differential
chaos shift keying (OFDM-DCSK) communication systems is addressed. By exploiting the rank-1 prop-
erty of the symbol matrix, we propose to apply dimensionality reduction on the time-domain data sym-
bols received from the OFDM-DCSK transmitter for noise reduction, followed by chaotic demodulation on
the resultant symbols to decode the information bits. In the presence of additive white Gaussian noise
(AWGN), the rank-1 matrix approximation can be simply achieved by the truncated singular value decom-
position, corresponding to the solution of ¢,-norm minimization. While for impulsive noise environments
such as in power line communication systems, we develop an alternating optimization algorithm for ¢,-
based matrix factorization, where 0 < p < 2. The bit error rate (BER) of our approach in AWGN is also
analyzed and verified. Simulation results demonstrate that the devised receiver is superior to the con-
ventional OFDM-DCSK method in terms of BER and root mean square error performance for AWGN as

well as impulsive noise including the Middleton class A distribution and «-stable process.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Nowadays, wireless communication systems are easily eaves-
dropped by malicious users due to channel broadcast character-
istics and lack of encryption. In order to enhance their security,
chaotic communication is one of the effective encryption schemes
[1] for data transmission in ultra-wide-band (UWB) and power line
communication (PLC) systems [2]| because the chaotic sequences
have naturally high-security properties including noise-like feature,
sensitivity to the initial value and good auto-correlation [3]. Among
different chaotic techniques, coherent or non-coherent chaotic
modulation has attracted considerable attention in the literature.
In particular, non-coherent chaotic modulation [4] is widely dis-
cussed for removing complex chaotic synchronization modules.

Differential chaos shift keying (DCSK) [4] is one of the most
practical non-coherent chaotic modulation schemes since it per-
forms the non-coherent demodulation on the reference sequence
and information-bearing sequences, and the receiver does not need
to generate the chaotic waveform. Moreover, it can provide a sat-
isfactory bit error rate (BER) performance for UWB and PLC com-
munication systems [1]. However, DCSK has two main drawbacks,
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namely, low transmission efficiency and the requirement of highly-
complex delay line circuits [1].

To simultaneously address these two issues, multi-carrier (MC)
based DCSK system has been suggested [5]. In MC-DCSK, one
subcarrier is assigned for the reference sequence transmission
while the remaining subcarriers are allocated for transmitting
information-bearing sequences. Since different sequences are lo-
cated in different subcarriers, the delay line circuit is not needed.
Moreover, the number of subcarriers can be sufficiently large,
thereby the transmission efficiency is significantly enhanced. In
addition, the orthogonal frequency division multiplexing (OFDM)
technique can be applied in MC-DCSK systems to reduce the im-
plementation complexity. The resultant OFDM-DCSK system [6] is
easily realized by fast Fourier transform (FFT), and can utilize the
spectrum more efficiently than the MC-DCSK system, resulting in
higher transmission efficiency. The OFDM-DCSK has also been ex-
tended to the multiuser scenarios in Kaddoum [7], while [8,9] fo-
cus on further improving the security performance.

On the other hand, although DCSK has been applied in PLC sys-
tems, the impulsive noise together with Gaussian noise in these
channels [10,11] can remarkably degrade the BER performance. In
particular, the former induces large-amplitude disturbance or out-
liers to the transmitted chaotic sequences, which will introduce
many erroneous data after non-coherent demodulation at the re-
ceiver. In the presence of Gaussian noise, Kaddoum and Soujeri
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[12] has adopted the DCSK scheme with repeatedly transmitted
reference sequence and moving average filter at the receiver for
noise reduction. In addition, Rao et al. [13] has proposed an it-
erative chaos generator with average computation at the receiver.
While in Chen et al. [14], an iterative MC-DCSK receiver is devel-
oped for increasing the reference sequence accuracy. However, they
all have not considered handling the outlier-contaminated data.
Miao et al. [15] has suggested an M-ary DCSK system with replica
piecewise frame to reduce the impulsive noise. However, it is only
focused on DCSK systems in the time domain, and hence cannot
utilize the MC structure to enhance transmission efficiency.

In this work, we exploit the fact that all information-bearing
sequences are generated by multiplying the reference sequence by
a scalar to enhance the receiver design. That is, since every chaotic
sequence in an OFDM-DCSK symbol can be viewed as a row in a
matrix, we propose to model the transmitted OFDM-DCSK signal
as a rank-1 matrix, and then perform rank-1 matrix approximation
based detection at the receiver for noise reduction. To the best of
our knowledge, this idea has not yet been initiated in the litera-
ture. It is worth mentioning that low-rank matrix approximation
can be simply realized by the truncated singular value decompo-
sition (SVD), which corresponds to least squares (LS) or ¢;-norm
minimization, yielding the optimum receiver for Gaussian noise
suppression [16]. Nevertheless, the LS approach may result in de-
graded performance for impulsive noise because the squaring oper-
ator in the ¢;-norm will notably amplify the large-amplitude out-
lier components, making it not robust to outliers. A conventional
outlier-resistant solution is to generalize the ¢,-norm to ¢p-norm,
where 0 < p <2 [17]. That is because when p < 2, the impulsive
noise is not amplified too much during the ¢,-minimization, re-
sulting in that the large residuals caused by the outliers are smaller
and not dominating the optimization process. In fact, £,-norm
based minimization for matrix approximation has wide applicabil-
ity such as robust direction-of-arrival estimation [18] and image
painting [19].

Our main contributions are summarized as:

1. By exploiting the rank-1 property of the transmission matrix,
a novel idea is devised in the OFDM-DCSK receiver design by
integrating a low-rank matrix approximation procedure in the
system to achieve noise reduction, which in turn lowers the
BER.

2. We propose to use the matrix factorization technique to esti-
mate the resultant rank-1 matrix where the ¢p-minimization
problem formulation is adopted. For 0 < p < 2, the receiver is
robust even to the impulsive noise, and the solver is realized
based on alternating optimization. The algorithm local/global
convergence is also proved. While for p = 2, it is basically an
LS problem and the solution is simply computed by the trun-
cated SVD, but this may not provide reliable performance in the
presence of outlier-contaminated data. It is shown that our low-
rank approximation approach significantly outperforms [6] in
both BER and mean square error metrics.

3. We derive the BER expression for the proposed rank-1 approx-
imation OFDM-DCSK receiver in AWGN, which is validated via
computer simulations.

The rest of this paper is organized as follows. Section 2 de-
scribes our OFDM-DCSK system, which consists of the rank-1 ma-
trix approximation step via ¢,-minimization in the receiver. The
solvers for p=2 and 0 < p < 2 are developed. The latter is based
on alternating minimization and we also study the algorithm con-
vergence. In Section 3, the BER of the proposed receiver in the
presence of AWGN is derived. Section 4 presents the evaluation
results of the rank-1 approximation approach in AWGN as well
as impulsive noise, namely, Middleton class A distribution and «-
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Fig. 1. Block diagram of OFDM-DCSK transmitter.

stable process, for different values of p and signal-to-noise ratio
conditions. Finally, conclusions are drawn in Section 5.

2. Rank-1 approximation based OFDM-DCSK design

In this section, we present our proposed OFDM-DCSK system
where the novelty lies in the rank-1 approximation design in the
receiver.

2.1. Transmitter structure

Fig. 1 depicts the block diagram of a standard OFDM-DCSK
transmitter [6]. The information from users is firstly modulated
as binary phase shift keying (BPSK) data symbols. After serial-
to-parallel (S/P) conversion, they are multiplied by the refer-
ence chaotic sequence {x;} where x, € (=1,0) U (0,1) is the kth
chip generated by the second-order Chebyshev polynomial func-
tion (CPF) chaos generator according to x; . =1- 2x§, O0<k<
B —1, with B being the sequence length. The kth chip of the
chaotic modulated sequence in the nth data stream can be ex-
pressed as dpj =snX;, 1 <n<N-1 while the kth chip of the
reference chaotic sequence is also represented as dj = X since
sp = 1. Subsequently, one reference and N —1 chaotic modu-
lated sequences are sent to the inverse FFT (IFFT) module to
perform OFDM modulation. The resultant symbols, expressed as
Sik = Nodye2™N/YN, i=0,....N-1, k=0,..., 8 -1, then
go through parallel-to-serial (P/S) conversion, prior to transmitting
over a wireless channel.

Define S € CN*#, whose entries are {s;}, it can be factorized

as:
S=px" =[s0.51,....5.....55_1]
[~ PoXo PoX1 ... DoXg PoXp_1 ]
D1Xo DP1X1 P1Xk D1Xpg-1
= | pixo PiX1 <o DiXg PiXg_1 )]
Dn-1Xo  Pn-1%X1 DN-1Xg DN-1Xg_1
where s, = [So . S1ks - Siks - SN—1.klT, (DT is the transpose,
Six=DPiXx, P=1[Po.P1.---.Pn,-... Pn_1]7 is the resultant vec-
tor after performing IFFT on [sg,S1,...,Sn.....Sn—1]7, and x =

X0, X1, ..., Xis -+ s xﬂ_1]T. Apparently, the rank of S is 1, and this
property is exploited in the receiver design.
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Fig. 2. Block diagram of OFDM-DCSK receiver via rank-1 modeling and ¢,-minimization.

2.2. Receiver structure

Fig. 2 illustrates the proposed rank-1 approximation based
OFDM-DCSK receiver via ¢,-minimization, 0 < p < 2. After the S/P
conversion, the received 8 symbols in N data streams are stored in
a buffer, then releasing a matrix R € CN*#, which can be expressed
as:

R=HS+N (2)

where H € CN*N is a Toeplitz matrix representing the channel ef-
fect and N e CN*8 is the additive noise matrix. Here the wireless
channel response is assumed stationary in an OFDM-DCSK trans-
mission frame and known at the receiver [8]. For presentation
simplicity but without loss of generality, we assume that perfect
equalization has been performed prior to the S/P conversion, hence
H =1, where I is the identity matrix.

In the devised rank-1 approximation step in the time domain,
we aim to find R € CV*8 such that R = uv"’ where u e CV, v e C#
and (-)H is the Hermitian transpose, from R by utilizing the rank-1
property of S. In the presence of AWGN, the optimum solution is
determined from:

min [luv* —R|? (3)
uv

where | -||f is the Frobenius norm. According to the Eckart-
Young-Mirsky theorem, it is well known that the solution is:

R = 0’1th (4)

where o is the largest singular value in the SVD of R while g and
h are the associated left and right singular vectors.

For impulsive noise, the truncated SVD is not able to compute
a reliable R because the ¢,-minimization is sensitive to outliers. To
attain robust performance, we generalize the estimation of R via
¢p-minimization, 0 < p <2 [17]:

min ur” Rl (5)
where | - ||p is the element-wise matrix ¢p-norm, defined as:

1/p
IENp = lluv™ =RIlp = > lensl” (6)

nk

with e, , being the (n, k) entry of E. Following the idea of [17], u
and v are iteratively updated via alternating optimization:

v = argmin lu'v —R||D

(7)

ultl — argmuin ”u(le)H _R”g

(8)

where [ corresponds to the estimate at the Ith iteration. As the ele-
ments in ¥/ or u'*! are independent in the minimization process,
we propose determining them in an entry-by-entry manner:

v = argmin lu'v, -1l

(9)

u = argmin lun ()" — )"} (10)

where v}! is the kth element of ¥'+!, 1y, is the kth column of R,

ubt! is the nth element of u'*! and (F,)F is the nth row of R.
One standard solver for (9) and (10) is the iteratively reweighted
least squares (IRLS) algorithm [20,21], and the iterative solutions
are computed until convergence:

q+1

Vi

— i q (yly, — p
—argn}/:n ||WN(H Uk rk)”p (11)

uf™! = argmin | (un @) — @)W1} (12)

where ¢ is the inner iteration number, W,‘{, and W,qg are diag-
onal matrices whose (n,n) and (k, k) entries are wy = |£7|P/2-!
and W} = [g]|P/2-1, respectively, with &7 and &! being the nth

and kth entries of £7 =uv! —r, and £ — ul" — (7). The £p-
minimization procedure is summarized in Algorithm 1. When 1 <
p < 2, the IRLS algorithm provides global convergence since the

problem is convex, while 0 < p < 1, the algorithm only has local

Algorithm 1 ¢,-minimization for OFDM-DCSK receiver.
Input: R, p
if p =2 then
Perform truncated SVD on R to compute R according to (4).
else
Initialize: Randomly initialize all entries in u° as +1.
for[=0,1,...do
for k=0,1,...,8—-1do
Update v}! based on (9).
end for
forn=0,1,...,N—1do
Update ukt! based on (10).
end for
Stop when termination condition is met.
end for
R=u+1 (vl+1 )H_
end if
Output: R
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convergence. The proof for convergence is provided by the follow-
ing proposition [18].

Proposition 1. Define the residual error after the Ith iteration as
T v = |lu! @)H —R||5. J, ! ') is non-increasing in the iterative
process and finally converges to a limit.

Proof. According to (7) and (8), the residual error has the follow-
ing property:

@ v < @ v < @ v). (13)

This means that the error will not increase during each iteration.
Moreover, the error has a lower bound of 0, thereby the algorithm
converges [18]. O

Following [17], the complexity of Algorithm 1 is O(NBNjis)
where Npis is the required iteration number for convergence.
When p = 2, the algorithm can be efficiently solved by the trun-
cated SVD, thus Nigis = 1 and the complexity is reduced to O(NB).
In our study, when the absolute difference of normalized root
mean square error (NRMSE) between two successive iterations is
smaller than € = 104, then the algorithm is terminated or conver-
gence condition is reached. The NRMSE is defined as:

IR -S|l

NRMSE = ~— "
ISIIF

(14)
which measures the closeness between the time-domain rank-1 R
and S.

After rank-1 approximation, FFT is applied on R for OFDM de-
modulation to generate a rank-1 matrix C. Note that every row vec-
tor of C represents a chaotic sequence, we write C as:

B N o YTR Y (15)

where ¢, € C# is the nth chaotic sequence and ¢y € CP is the ref-
erence sequence. Since the ideal C must be real, the demodulated
BPSK symbol §, is obtained by the following chaotic demodulation:

C=lco.C1...

Sn=sgn({co}" -Mfen}), 1<n<N-1 (16)

where %{.} takes the real part of a complex number and sgn(-) is
the sign function. Finally, the information bits are obtained from $,
thanks to the BPSK-symbol decoding.

3. Bit error rate analysis

In this section, we study the BER performance of the proposed
receiver over AWGN channel. First, we write %{C} ~iii" where
il = [dg, Gy, ..., 0n, ..., fiy_1]" € RN and ¥ € R? are unique up to a
scalar, and interpret the rank-1 approximation as projecting the
received noisy sequence onto #. ¥ is approximately equal to the
chaotic sequence x, and ii,¥ is the projection of noisy sequences
onto ¥. Note that 7' 9 > 0, (16) can then be expressed as:

sgn(ffco}” - 9t{ca}) = sgn((diod) (i)
sgn( (o) (V%)) = sgn(do) - sgn(ila) (17)

whose value is determined by the signs of #; and {i,.

Considering that s, are equally distributed as +1 and -1,
we define the error probability B, of @, as B, = By|{sp = +1} =
Q(dyy/0), where Q(-) is the Q-function defined as Q(x) =
I e~/2dt, d,; is the projection length of x onto #, which is also
equal to the distance between x and the hyperplane dividing the
sign of i, in the B-dimensional space, and o = ,/Ny/2 is the stan-
dard deviation of the AWGN, with N, being the noise power spec-
tral density. An illustration for the 2-D case is provided in Fig. 3
and it shows that ¥ is perpendicular to the hyperplane. Since the

PY

Sn
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origin is contained in the hyperplane, d,; can be determined by
the length dyx of x and the phase 0 between x and #:

dyy = dy cosO = \/BE{x?} cos 0 = \/g

where E{xi} =1/2 since the chaos generator uses the second-

order CPF [22], and cosO = [#"x|/(||#|2]1]l2) = O, implying that
6 € [-m /2, /2]. Therefore, P, is calculated as:

P =Q(%) = Q<c059 ﬁ(fé) = Q(cos 9\/,\,7;) (19)

The error probability of the BPSK symbols {$;} can be com-
puted using P,. According to (17), since the demodulation is non-
coherent, §, is erroneous when either sgn(iip) or sgn(il,) is incor-
rect. While if both iy and i, are of wrong signs, the demodulated
$y is still correct. Therefore, we can write the error probability P,
of §, as:

P. =2P,(1 — Py). (20)

7'x
(S

(18)

Finally, as 0 is randomly distributed, the BER is the expected value
of P, over 8 [23]:

BER = E{P.|0}

Ao

which can be numerically evaluated. Note that (21) is applicable
for the AWGN because its transform from time domain to fre-
quency domain via FFT is also AWGN, but it is not true for im-
pulsive noise models.

4. Simulation results

Numerical simulations are conducted to evaluate the BER and
NRMSE performance of the proposed receiver with comparison to
the conventional OFDM-DCSK system where there is no rank-1 ap-
proximation procedure [6]. Second-order CPF is considered and the
energy used for transmitting a bit is E, = NﬂE{xf}/(N— 1) where
we set N =128 and 8 = 50.

First, the BERs of the proposed receiver and [6] in the pres-
ence of complex-valued circular AWGN are investigated with re-
spect to E,/Ng, which is the signal-to-noise ratio per bit, and the
results are shown in Fig. 4. The power of the AWGN is varied to
produce E,/Ny € [-20,15] dB, and for each E,/Ny sample point,
we perform 3938 independent runs corresponding to 3938 x (N —
1) ~ 500, 000 bits. In simulating the multipath fading channel, the
number of paths is 3, with path delay symbols of 0, 2, 4, and the
average power of each path is 1/3. The theoretical BER is deter-
mined from (21). It is seen that our scheme achieves a much lower
BER than [6] for all values of p, with p = 2 being the best. It is be-
cause the ¢;-norm is regarded as the optimum receiver over AWGN
channel [16]. While for 1 < p < 2, its BER performance is compara-
ble to that of p = 2, demonstrating the robustness of ¢,-norm min-
imization. Note that the BER results for p < 1 are inferior which
might be due to the algorithm local convergence. We also find that
the theoretical calculation of (21) agrees well with the empirical
curve at p = 2. In Fig. 5, the BER performance over multipath fad-
ing channel is similar to that over AWGN channel with the best
performance at p =2. The corresponding NRMSEs are plotted in
Fig. 6, which align with Fig. 4, and it is observed that our proposed
receiver has smaller NRMSE values than [6].

The above test is then repeated with an impulsive noise chan-
nel. We start with the Middleton class A noise which is based on
the Gaussian mixture model [24]. Its probability density function
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Fig. 6. NRMSE versus E,/Ny in AWGN.
(PDF) is expressed as [10]: A=0.01 and T" =0.01, and the results are shown in Figs. 7-9.
0o Am 2 Again, the superiority of our approach over [6] is demonstrated in
pE)=e"y" e (22)  both BER and NRMSE. In Fig. 7, we see that the best BER is attained

oo mly/2mo}
2

where 02 =02(m/A+T)/(1+T). The complex-valued noise is
generated by combining two independent components with equal
power as the real and imaginary parts. According to [10], we set

when p=1 and p = 1.2, validating that outliers can be effectively
suppressed with p < 2. Since global convergence is not guaranteed,
employing p < 1 results in suboptimum performance. Furthermore,
the non-robustness of applying the truncated SVD is clearly ob-
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Fig. 8. BER versus E,/Ny in Middleton class A noise over multipath fading channel.

served, yielding the worst performance among all choices of p. For
multipath fading channel, similar results are obtained. In Fig. 8,
the best BER performance is attained with p=1 and p= 1.2, and
when p = 2, the BER performance is the worst since the truncated
SVD cannot suppress the impulsive noise well.

Finally, we consider another typical impulsive noise model,
namely, zero-location «-stable process, whose PDF is defined as

[25]:

p(€) =1 [Ze 7 cos[Et + y Bot®w(t, ) ]dt

where « is the characteristic exponent, y is the scale parameter,
Bo is the symmetry parameter, while w(t, o) = tan(aw/2) when
o #1 and w(t,o) = 2log(|t])/r when « = 1. Because of the un-
defined variance, we use a generalized form of E,/Ny, given by

(23)
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Ep/(8y2/®) [11]. In this test, we fix @ = 1.8 and vary y to gen-
erate different values of E,/Ny. The BER and NRMSE results are
plotted in Figs. 10-12. As in Fig. 10, we see that our receiver
attains the best BER performance with p=1 and p=1.2, al-
though those of p=1.8 and p =2 are inferior to [6]. Similar re-
sults over multipath fading channel can be seen in Fig. 11, where
only the case of our proposed scheme with p =2 has the in-

ferior performance comparing with [6]. Nevertheless, the NRMSE
of [6] is largest in the whole range of E,/Ny. Employing the ter-
mination criterion described in Section 2, we have found that
when the algorithm is executed by an i7-9700 3.00 GHz CPU and
MATLAB parallel computing toolbox, the convergence time is be-
tween 0.2 s and 0.6 s, depending on different values of p and
Ep,/Np.
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Fig. 11. BER versus E, /Ny in «-stable noise over multipath fading channel.
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Fig. 12. NRMSE versus E,/Ny in «-stable noise.

5. Conclusion

An improved OFDM-DCSK receiver by exploiting the rank-
1 property of the symbol matrix has been devised. The rank-
1 approximation is attained via matrix factorization and ¢;-
minimization, resulting in noise suppression. For AWGN, we simply
compute the truncated SVD for its realization, which corresponds
to p = 2. To handle impulsive noise, we set 0 < p <2 and apply

the IRLS algorithm to solve the minimization problem. It is demon-
strated that the proposed receiver outperforms the conventional
scheme for both AWGN as well as impulsive noise models includ-
ing the Middleton class A noise and «-stable process in terms of
BER and NRMSE with a wide range of p < 2. The error probability
for the AWGN case is also derived and verified by computer simu-
lations.
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