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1. ,��*���Rz�agk_&�"i%6ZÆ%,�Æ%.!Yq�&[}w^ N =M�i%��; m =i% (m ≪ N). ! y ∈ Rm z�ÆÆR[_�, A z Rm×N vGG (m ≪ N).

A CrfGA�_�3; A [+p. F<A�\�BÆ[D(z}C�Æ N =_� x 'v^R�P:

y = Ax+ e, (1.1)A_ e ∈ Rm 3;�)K+. b e 6= 0, < (1.1) w[Mi;r x [o�; 0qb e = 0, <; x[pU�x. �; m ≪ N , �K5G�'ve�}8 (1.1) [i x. ..[|yz}C'v�jM�m�[i x, �^!i x x"xfÆ�[~�*�, �CMi=a. l0 D(:

min
x∈RN

‖x‖0 s.t. y = Ax+ e, (1.2)A_?|� ‖x‖0 �x x ��_~�*�[Æ�.Vu..K�RD( (1.2) z NP - 3D( [1], wtAW [2–4] ℄�^�D( (1.2) 3�:*Mi. 9ksD( (=a. l1 D() };�Æ��o[/l D( (1.2) 3�:*ZX:

min
x∈RN

‖x‖1 s.t. y = Ax+ e, (1.3)A_ ‖x‖1 =
∑

i |xi|. Æ%eÆqO-, 50eUj[+XR, =a. l0 D( (1.2)℄O&=a. l1 D( (1.3).sJ_!0[�y�X!0[($
Mi=a. l0 D( (1.2), =a. l1 D( (1.3). #�hQ�y.!�6 x [P1?, V*}C5��6P1?R|(DjYqP2GxM�[
* 2016 8 5 1 30 \~Y.
1) :k^2: `��
:���
J� (15CX05051A, 15CX02055A, 16CX02011A); dkmqW�{:k�ZR2014AQ004); dkm�t`I8�{L��_�:k (2014BSE28027) oh^2.
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x 
UeMi=a. l0 D(, �	La;:ks (Orthogonal Matching Pursuit, OMP) [5], ��&�;:ks (Compressive Sampling Matching Pursuit, CoSaMP) [6], ��La;:ks
(Generalized Orthogonal Matching Pursuit, gOMP) [7] ℄. 0qu�X>[zhQ�~V�y
(Iterative Hard Thresholding Algorithm, IHT) [8] ���eMi=a. l0 D(T!�&#�hQ�y. IHT ?V�![�0q,�;!;�[���' l0 |�Z�[�~V�p.F8Mi=a. l1 |�[�y�#hQa~V�y (Iterative Soft Thresholding Algorithm, IST) [9],

Bregman hQ�y (Bregman Iteration Algorithm) [10] AAZ��y [11] ℄.xo, Simon Foucart&>��a#�hQ($'hQ�~V($[5(�y�~Vks�y (Hard Thresholding Pursuit Algorithm, HTP) [12] AA�*�D�~Vks�y (Graded

Hard Thresholding Pursuit Algorithm, GHTP) [13]. F�a�yx�
E[Æ%
O�?V>�EO[M�1�5�. %�X>[z5no k- M�[i%
℄q, GHTP E,5b k HhQq94�6i%LUP1?[ZI, �G�u[=~hQ��E,)i%M�mZ0. F
- GHTP}��u[hQ�)i%M�m[4L�, C GHTP}��u[hQ�3�i%M�m>Mu>O. A* Li H ℄X&>����~Vks�y (Generalized Hard Thresholding

Pursuit Algorithm, GHTP) [14] �?M��~Vks�uA}��uhQ�OOTf. F<A�_&>�ag[vG��6�~Vks�y (Matrix Pseudoinverse Hard Thresholding

Pursuit Algorithm, MPHTP), ��y!lx�
E[M�1�5�G.!M�Tf�}��uhQ�.�A_F)��X[I%^R:

• ‖x‖ �x ‖x‖2, �~"A!�i; r�[ |x| �x x [}rV, b x ;_�<;e*}�;

• A† = A∗(AA∗)−1 �xvG A [ MP ��6, A∗ �xvG A [j[;

• supp(x) ;_� x [P1?; "q;S��� S �x |x| [ k ÆxOVr�X�?w4[P1?;

• xT ;_� x X℄5P1? T e[p_�, 0�|�& AT ;

• T ;?( T 5 {1, 2, ..., N} _[(?, C T = {1, 2, ..., N} \ T ;
• T△T ′ ;?( T ' T ′ [r3+?, C T△T ′ = (T \ T ′)

⋃

(T ′ \ T ).

2. HTP�MPHTP #��Æ�"[#�hQ�ylZ�&J A∗(y − Axn) >x�6 x [P1?, T*}Cx�FP1?G|()�V[_� x. TzJ IHT _�XBx, �,50eUj[+XRJ xn +

A∗(y − Axn) ≈ x }C x [P1?�;(|. F�Bxh(#����y[�\:u�^R[�~Vks�y. �j=v k- M�_� x0 ∈ CN , ��K�R x0 = 0, �D^R
whQUX'v�j[-;m<, x*�>_� x [�F_�.

HTP �$[Æ%
O�A
$[�V. UvG A [.�℄y.�'v δ3k < 1/
√
3 q,�~Vks��5"XHhQ*C>YqP2�"[ k- M�i [12]. FBF)�>vG A ∈

Rm×N [ k f.�℄y.�j�, Cr&�"[ k- M�_� z ∈ RN , K5'vRw
(1− δk)‖z‖22 ≤ ‖Az‖22 ≤ (1 + δk)‖z‖22 (2.1)[xa.� 0 ≤ δk ≤ 1, 0q3vG A 'v RIP q^. FqvG A 5 k− M�[i%?(e



2 � oA� ^: wH��7��Wlt�z 191![+pzo�La[. bvG A [ 2k f.�℄y.�K5, < (1.3) w��1�Z� k−M�i%."� 1 HTP� : A, y, k, threshold > 0���:x0 = 0, r0 = y,S0 = ∅,n = 0

while :‖rn‖2 > threshold do

(HTP1) 1. F� Sn+1 = {|xn +A∗(y −Axn)| _C k ÆxOVr�[X�}
(HTP2) 2. �F xn+1 = argmin{‖y−Az‖2, supp(z) ⊆ Sn+1 }
(HTP3) 3. �g rn+1 = y −Axn+1, n = n+ 1

end while

return xn+1��~Vks�y9��\[Bx, ��℄[g�yJ xn +A†(y −Axn) ≈ A†y _zRP1?; �_ MP ��6�AP1?�69� N0, �℄)�~Vks
�[vG��6�~Vks (Matrix Pseudoinverse Hard Thresholding Pursuit Algorithm, MPHTP). 0q, ��y!u�M�m[T��FG5��PR��Tf�y}��u[hQ�. VZi�[�ezvG��6�~Vks)��La;:ks�y"�j[Z�q (JP1?zR�1bm),�P1?�69� N0 ≤ √
mG!50!M�m k, �C N0 ≤ min{√m, k} [7]. 5�>F)[�yTC,u��>�RjÆA$%

-��y�&i%1�qJ xn+A†(y−Axn) ≈ A†y_zRP1?[(Æq.�� 1. [15] _� u ∈ RN z}8 Ax = y [xav6i, C u = arg min

x∈RN
‖Ax− y‖, UGlU u 'v

A†Au = A†y.e�jÆ 1 
-� (1.2) w) min
x∈RN

‖x‖0 s.t. A†Ax = A†y TQ[℄Oq, Qe�-P1?J xn +A†(y−Axn) _zRz(Æ[. F8 A†A [%IV; 1 ' 0, � A∗A �eo&LaG, �C A†A ��( RIP +X. 0q, A†A x"
a[+X�, U A [+X�
Oq�y�z"d[.  8
w A†(y −Axn) � A∗(y −Axn) ���℄�}�X 0, C xn +A†(y −Axn)����`}�X x. bo�Mi A†�A†A [%IV[Veo 1 ' 0(A†A [teoLaG),Gx"
a[+X�, rJÆ�y-k[�℄!3)O. )e� HTP �yhQ
wZ�, vG��6�~Vks�yhQ
w^R."� 2 MPHTP� :A, y,N0, threshold > 0���:x0 = 0, r0 = y,S0 = ∅,n = 0

while :‖rn‖2 > threshold do

(MPHTP1) 1. F� Sn+1 = {|xn+A†(y−Axn)| _C N0(n+1) ÆxOVr�[X�}
(MPHTP2) 2. �F xn+1 = argmin{‖y−Az‖2, supp(z) ⊆ Sn+1 }
(MPHTP3) 3. �g rn+1 = y −Axn+1, n = n+ 1

end while

return xn+1
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3. ��)�gf�}?�vG��6�~Vks�y}��u[�Wh%. 5O-��y}�qTC, F)�>�Æ5T*O-_u��X[!℄w [12]. N =_� x [P1?; supp(x), Sz'v |supp(x)

⋃

S| ≤ t P1?, t ;.�, <:

‖((I −A∗A)x)S‖ ≤ δt‖x‖, (3.1)A_ I ;S�vG.�� 2. NhvG A ∈ Rm×N 'v k f RIP +X, <
‖I −A†A‖ ≤ 2δk

1 + δk
(3.2)r&�" k- M�_� x 4�.0�. vG A 'v RIP +X, i.e., r&Z� k- M�_� x ∈ RN ,

(1 − δk)‖x‖2 ≤ ‖Ax‖2 ≤ (1 + δk)‖x‖2,�F�Z
(1− δk)‖x‖2 ≤ ‖Ax‖2 = ‖AA†Ax‖2 = ‖A(A†Ax)‖2 ≤ (1 + δk)‖A†Ax‖2.ew
-

1− δk
1 + δk

‖x‖2 ≤ ‖A†Ax‖2,Ky�f;_�4<nw, <
0 ≤ 1− δk

1 + δk
x∗x ≤ (A†Ax)∗(A†Ax) ≤ x∗x,A_ (A†A)∗(A†A) = A†A.ew
-

x∗x− x∗(A†A)x ≤ x∗x− 1− δk
1 + δk

x∗x =
2δk

1 + δk
x∗x.�ue�Z

‖I −A†A‖ ≤ 2δk
1 + δk

.R+F)�vO-�y[}�q.  &�y) HTP �y[Z�q, O-!8) HTP �y!8Z�.

3.1. MPHTP1 ��
b x ∈ RN z k- M�[, y = Ax + e(e ∈ Cm ;K+), x′ z k′- M�[, Gb T zJ
x′ +A†(f −Ax′) _�/�Oaz>[9�; t ≥ k [X�?, <

‖xT ‖ ≤ 2
√
2

δk+t+k′

1 + δk+t+k′

‖x− x′‖+
√
2‖(A†e)T△S‖, (3.3)



2 � oA� ^: wH��7��Wlt�z 193A_ S = supp(x).sJe S := supp(x) A T zJ x′ +A†(y −Ax′) _�/�Oaz>[9�; t ≥ k [X�?, F)i�X
‖(x′ +A†A(x− x′) +A†e)T ‖2 ≥ ‖(x′ +A†A(x − x′) +A†e)S‖2,!℄%��`S S

⋂

T r�*�re�!℄w[�W, <
‖(x′ +A†A(x− x′) +A†e)

T\S‖ ≥ ‖(x′ +A†A(x − x′) +A†e)
S\T ‖.!℄wzo'v

‖(x′ +A†A(x − x′) +A†e)
T\S‖ = ‖((A†A− I)(x− x′) +A†e)

T\S‖,A_ x
T\S = 0.0q$o'v
‖(x′ +A†A(x − x′) +A†e)

S\T ‖ ≥ ‖(x
S\T ‖ − ‖(A†A− I)(x− x′) +A†e)

S\T ‖.UV
‖x

S\T ‖
≤ ‖((A†A− I)(x− x′) +A†e)

T\S‖+ ‖((A†A− I)(x − x′) +A†e)
S\T ‖

≤
√
2‖((A†A− I)(x− x′) +A†e)T△S‖

≤
√
2(‖(A†A− I)(x− x′)T△S‖+ ‖(A†e)T△S‖)

≤ 2
√
2

δk+t+k′

1 + δk+t+k′

‖x− x′‖+
√
2‖(A†e)T△S‖,A_ (3.2) Zx*�Æ!℄w.

3.2. MPHTP2 ��
b x ∈ RN z k- M�[, y = Ax+ e(e ∈ Cm ;K+_�), x′ z k′- M�[, T z9�;
t [X�?, Gb x′ z ‖f −Az‖ 'v supp(z) ⊆ T [=aVi, <

‖x− x′‖ ≤
√

1

1− 2δ2k+t

‖xT ‖+
√

2

1− 2δ2k+t

‖(A∗e)T ‖. (3.4) x′ j��R (A∗(y −Ax′))T = 0, �F
‖(x− x′)T ‖2

= 〈(x − x′)T , (x− x′)T 〉
= 〈(x − x′ −A∗(f −Ax′))T , (x − x′)T 〉
≤ |〈((I −A∗A)(x − x′))T , (x− x′)T 〉|+ |〈(A∗e)T , (x− x′)T 〉|
≤ ‖((I −A∗A)(x − x′))T ‖‖(x− x′)T ‖+ ‖(A∗e)T ‖‖(x− x′)T ‖
≤ δk+t‖x− x′‖‖(x− x′)T ‖+ ‖(A∗e)T ‖‖(x− x′)T ‖,



194 G � 	 { 2017 8A_ (3.1) Zx*�Æ!℄w.��0� ‖(x− x′)T ‖ *�Z
‖(x− x′)T ‖ ≤ δk+t‖x− x′‖+ ‖(A∗e)T ‖, e�!℄w�Z

‖x− x′‖2 = ‖(x− x′)T ‖2 + ‖(x− x′)T ‖2 ≤ (δk+t‖x− x′‖+ ‖(A∗e)T ‖)2 + ‖xT ‖2, (3.5)A_ x′
T
= 0.

(3.5) w	xn
‖x− x′‖2 ≤ 2(δ2k+t‖x− x′‖2 + ‖(A∗e)T ‖2) + ‖xT ‖2,�C

(1− 2δ2k+t)‖x− x′‖2 ≤ 2‖(A∗e)T ‖2 + ‖xT ‖2,��R 3.4 4�.�� 3. ! x ∈ RN ; k-M�_�, y = Ax+ e(e ∈ Cm zK+_�), b xn z MPHTPk4[x�, N0 zP1?�69�, <
‖x− xn‖ ≤ ρp‖x− xn−1‖+ τq‖e‖, ∀n ≥ 1, (3.6)A_ ρp =

2δp
1+δp

√

2
1−2δ2p

, τq =
√

2
1−2δ2q

(
√

1 + δq +
1√
1−δq

), p = k + (2n− 1)N0, q = k + nN0.0�. 5 (3.3) _! x′ = xn−1, T = Sn, u�i�[zFq x′ [M�m; (n − 1)N0, T_*�Æ�; nN0, <�R
‖xSn‖ ≤ 2

√
2

δk+(2n−1)N0

1 + δk+(2n−1)N0

‖x− xn−1‖+
√
2‖(A†e)Sn△S‖.Z�[, 5 (3.4) _! T = Sn, x′ = xn(Fq x′ [M�m; nN0, T _*�Æ�; nN0),<"

‖x− xn‖ ≤
√

1

1− 2δ2k+nN0

‖xSn‖+
√

2

1− 2δ2k+nN0

‖(A∗e)Sn‖.�(e��w, ℄�Z
‖x− xn‖

≤ 2
√
2δk+(2n−1)N0

1 + δk+(2n−1)N0

√

1

1− 2δ2k+nN0

‖x− xn−1‖

+

√

2

1− 2δ2k+nN0

(‖(A†e)Sn
⋃

S‖+ ‖(A∗e)Sn‖) ‖(A∗e)Sn‖ ≤
√

1 + δk+nN0
‖e‖ A ‖(A†e)Sn

⋃
S‖ ≤ 1√

1−δk+nN0

‖e‖ [6]:

‖x− xn‖

≤ 2
√
2δk+(2n−1)N0

1 + δk+(2n−1)N0

√

1

1− 2δ2k+nN0

‖x− xn−1‖

+

√

2

1− 2δ2k+nN0

(
√

1 + δk+nN0
+

1
√

1− δk+nN0

)‖e‖.
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4. !2����F$��>� IHT2) , CoSaMP, MPHTP 
a}y5"8j�AG8jK�R[�Vh . F)J1�4�"�A}��uhQ��}+re�
a�yno��
. G8js�_�"}y[-;m<; ‖y−Axn‖ ≤ 10−88hQ�NXxOhQ� 500,�G9q�H1�z�4�[+X; ‖x−xn‖ ≤ 10−4‖x‖. "8js�_, �"}y[-;m<; ‖y−Axn‖ ≤ ‖ǫ‖8hQ�NXxOhQ� 500, 9q�H1�z�4�[+X; ‖x− xn‖ ≤ 10−2‖x‖. ;��$`*VP1?�69� N0 [}�, 5(Hs��vCF)! N0 = min{k,N0}.

4.1. &.� 1�
�agf��>[z IHT, CoSaMP, MPHTP5G8jq[�V. �;k4
ÆvG A ∈
Rm×N (m = 200, N = 1000) };�)vG�
Æ_� x ∈ RN };+i%. 0qM�m k �.|:;PQ [0, 90], #/; 2; r&(�ÆM�m k k4 50 Æ
ÆvGGr&(ÆvGk4 10 Æ
Æ_�.
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MPHTP,N0=1
MPHTP,N0=2
MPHTP,N0=4
MPHTP,N0=6
IHT
COSAMP

5 1 wH>	 M=200, N=1000 rE��, H9i\S"1�z\2�5�#�d (X dN�n�/QR;

Y d2�5�#)
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5 2 wH>	 M=200, N=1000 rE��, H9i\S"1�z�v>�iR	: ({) �#�z2�5�#< 100% QR\[QjO; (%) 2�5�#b' 100% QR\[QjO (X dN�n�/QR;Y d>�iR	)

2) GC IHT <sM+�'��	S\ IHTk, �6 Thomas Blumensath �Yg	 (http://www.personal.

soton.ac.uk/tb1m08/index.html) S4
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Æh[R!0�y[1�4�" (500 Hs�[=~V), A_�#�
N0 = 1, 2, 4, 6 [vG��6�~Vks�y (MPHTP). F)���X5�h[RvG��6�~Vks�yJ*� CoSaMP�IHT �V[$, A1�4�"; 100% [M�mPQzxO[ ([0, 55]). M�m k ∈ (0, 45) q, E,�"[�yl���)
[�" (100%) 1�>+vi%. M�m k ∈ (45, 60) q, MPHTP [V
9)
[1�4�" (90% �e), Z�TR IHT [1�4�"<~�R`�CoSaMP 0��"�Rg. Ui%M�m k ∈ (70, 90) q,

MPHTP �5O$�[K�R�Zr

[�"4�1�+i%, u 8�a�y1�4�";�. F)���JA`�XFq�M�m>O MPHTP �y4�"R`
0.0q4 (2)_�>FEa�y}��u=~hQ�. u�X>[zF)�>[zx+[K�, �C5JÆM�m�.PQe�"s��uhQ�[=~V. UV51�4�"; 100%[PQe, CoSaMP �y�u[hQ�ze��"�y_xf[, T�nM�m!q>O��y1�4�"R`[0qA}��u�[hQ��!q>O. U1�4�";�T*��y9�Gy}� (NXxOhQ�1 500). IHT �y�?V�
�[Oy, T) CoSaMP �yZ{[z��y}�hQ�E,z�"�y_�uxO[ (G%1�4�"z�; 100%).{� MPHTP [�V, F)��JA`�X N0 = 1 [ MPHTP }��u[hQ�E,℄&+i%[M�m, N0 = 2, 4, 6 [ MPHTP �u[hQ�f)t. J*e
�, vG��6�~V�y}��uhQ�O.; k/N0, Cu5�yGy}�[K�RhQ�xt[ N0 = 1[ MPHTP }��u[hQ��!0! 200.

4.2. 
.� 1�
�agf��>[zFEa}y5"8jq[�V. �)vG�+i%k4}w)e�agZ0, 5�)qF)M_�/�;+vi%/�
�T�[
Æ8j, C)�V y = Ax+e,A_ ‖e‖ = 0.01‖x‖.4 3
-5"8jK�R)G8jK�RZ�, MPHTP�~V�y
;Cj (1�4�""�R`), F
- MPHTP ��EZ[1�>+vi%. ��&�;:ks�y1�4�"R`
t (1�4�" 100% PQ�pX [0,30]); uhQ�~V�y5F)[s�_�Vzx+[, l5i%
mM�q%"�5�_& 20% [�"1�>+vi%. Tz5}��uhQ�}+, 
a�y�uhQ�O!Z0: IHT 5M�m k < 40 [PQe�u[hQ�)f'+[��D��NXK+�=[��D, �F��yhQ-Y!7; �*�nM�m!q>O, hQ�!qelUX�j[xOhQ� 500. CoSaMP �uhQ�[Oy) IHT Z0,T5JÆM�m�.PQeA�uhQ�~zEa�y_xO[. uCuz�uhQ�xt[ N0 = 1 [vG��6�~V�yAhQ��5 150 �R.

4.3. -(���agÆ��G8jK�R��y[=~2oqQ.  4 5 �R, ) CoSaMP�IHT Z�, MPHTP �y�uqQ$t, F)F� A† "�. U A M�8x"0e%�h�q��&����y, ^_�q�y [16] ℄. bUeMi A†y q��&� Greville d6y. 0q���X�n N0 [>O, MPHTP �y[2oqQe\Tf. U k ∈ [0, 50] q, CoSaMP �y[2oqQzxf[, TUM�m k > 50 q, A�u[qQ,,0!A �y.
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5. ����F)�s��&���RM�1�[vG��6�~Vks�y (Matrix Pseudoinverse
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+. F	xn(Hz;[P1?9�>M�m!
"�, �C N0 ≤ {k,√m} GzR!�!O. )hQ�~V�yA��&�;:ks�yZ�, ��y[Te5&u�F�P2 Ax = y [xav6i A†y(��&����y
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MATRIX PSEUDOINVERSE HARD THRESHOLDING PURSUIT

AND SPARSE RECOVERY PROBLEM

Shi Zhanglei Li Weiguo

(College of Science, China University of Petroleum(East China), Qingdao 266580, China)

Abstract

In this paper, based on pseudoinverse and a newly introduced capture cardinality of sup-

port set, the new algorithm, Matrix Pseudoinverse Hard Thresholding Pursuit, is proposed

to find the sparse solutions of underdetermined linear systems.The convergence is established

under restricted isometry property (RIP) condition in the situation where observation error

exist. Numerical experiments show that the proposed algorithm not only significantly re-

duce the iteration number required for convergence, but also can robustly recover the original

signal when measurements contain errors.

Keywords: compressive sensing; sparse recovery; hard thresholding pursuit; pseudoin-

verse
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