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WM HIRENX

o BRARMAKHZE (M) HNFEIE MAMNHE

o RARKBA—TRBMMATEIE, ARSI SIE

o RARMAZTRBMMNTEIE, AWM 2
REMAFIEREMGESRM, FRAYIER:

{ Yy =f(z,y), a<z<b
y(a)zyo

REMAHIEREDRFMN, RALERR:

y”:f(x)yay/)a anSb
y(a) = yo
y(b) = yn

FEEEITLERS HREOVERR.
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Bl SERRARERBERN S IR AR

y = f(z,y), a<x<b
{ y(a) = yo (5.1)

ERGEFNTRISGE

va) =+ | " F(ty())at
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% f(r,y) EEWMEE o < 2 < be<y<dPES FAXTER y HE
Lipschitz %, BIXHER = € [a,b],y € [c,d] B

|f (z,y1) — f(z,y2)] < Lly1 — yo
Heh L ABEREH NAECBNOEEEREE—.
FrBEMA HRENBER: 2K y(v,) EXE [o,b]) P—RIEHS (FT

=)
a<r <xTa<--<any<b

toy(z,) BEPME v, (n=1,2,--- ,N), XEREMERZ (5.1) W EERF.
RIETEX LR OMERN ARz R RIE .
HEBES B SHEERS R AT ER.

Numerical Computing Methods



HEUER, WNEFRMG y(a) = yo BE, &K i, B yo, 1 K yo, LULIEHE
KHERA
Yn, (n:1527"'aN>7

X FITE T S RVHESIR T — £ S AR R KR 0L, FRADSEHE,
MREWE y, HRAMAT y,1, XMFEMRAELE.
WMRAEWE v, FMARAT yo1,yn—2, " Yn—p, BMFTEMAZLE,

BYBEFEKRBENS HER, FEXRBESXEET S5 A F 0@
ITHEN, BIIEKERXIE) [a,b] DRR N FH5:
b—a
N

:hvxn_wn—1:h7 (n:1a277N)
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EulerF3%

By, 1) TR o, HIT Taylor BF
2

h
Yy ((En+1) =Y (.’En) + hy/ (In) + jy” (§n> ) gn € [(En, anrl]

B2 h? I:

RER vy, RE y(z,), BIF
yn+1:yn+hf(xnayn)7 (TL:O,I,Q,N*I)
h2 h?
en+1(h) (gn) 91 y ( )

FR_ER A AENEE Euler 23K,
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EulerF3%

B y(xn) R 41 T Taylor RF

h2
Yy (xn) =Y (anrl) - hy/ (Tny1) + Ey” (gn) , &n € [mna anrl}

B&Z h? I:
Y (Tny1) 2y (xn) +hf(Tni1, y(Tng1))

RER v, RE y(z,), BIE
Yn41 :yn+hf(xn+1ayn+l)v (n:0a152"' 7N*1)
h2 1 h2 1
ent1(h) = _gy (én) = _jy (Tnt1)
R ER AKX AFIR Euler A6

dE: FIR Euler ARNZIEEHXM.
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fl: BX h=0.1, SEMAETE Euler AR, /FIR Euler A KMEHEIE)E

{y,_y_ifa 1'6[071]
y(0) =1
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fl: BX h=0.1, SEMAETE Euler AR, /FIR Euler A KMEHEIE)E

{y/_y_Q;:a 1’6[0,1]
y(0) =1

f#: B8 29=a=0,y0=1,N =1/h =10,
flz,y) =y —2z/y
FIA BT Euler SHKER:

2

Y1 =%y +hf (wo,yo) =yo+h (yo - yoo) = 1.1000
2(E1

yo=y+hf(x,yp)=n+h|y— " ~ 1.1918
21‘9

Y10 = Yo + hf (z9,y9) =yo +h | yo — o ~ 1.7848
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f51: BY h = 0.1, RERV{E ) ER
{ Y —y—g, x € [0,1]
y(0) =1

ﬁ@: E%ﬂ IOZGZO,yQZI,N=1/h:1O,

flz,y) =y —2z/y
FIA 1B Euler JEKfE:

2z
y1=yo+hf(x1,91) =yo+h (y1 - y11>

Yo + (y2 — 0.72x1)'/2

=y = i3

~ 1.0907
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EASRREEHE

Ynt1 = Yn + hf (Tn,Yn) AT Euler sRfEA
Yn+1 = Yn + hf (xn-‘rh yn+1) JAiR Buler SRAEA

Yn+1 = Yn + hf (xn; yn) THE
Yn+1 = Yn + hf (Tn1, Gnt1) BIEE
Y (!EO) = Yo,

Yo — (U1) = y1 — (2) 2 y2 — ... = (UN) = YN
X KR 7 SE AR S TN 1IE R Gt o
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f5il: BY h = 0.1, FAFN-#IE RS OK B {E ]

{My?,xGWM
y(0) =1
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f5il: BY h = 0.1, FAFN-#IE RS OK B {E ]

{My?,xGWM
y(0) =1

B BMay=a=0,y9=1N=1/h=10,

flz,y)=y—2z/y
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ETHERDTIKBELN

ESps)

/ flay(@)do = | Y (2)de = y (w0) — y (21)
ES)lin - -
y@w—y@%o+éuj@wWMx (52)
A y(zn—r) EF, M (5.2)7KE y(zn)o
HEURML, FIRAZERKIRE

yle) =y o)+ [ " fay(e))da
Y (@p_1) +hf(Xn_1,y (Tn-1))

EXENA Euler KEELQI, B AIFRAIER %
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ETHERTEORELAN

H1E 5.2)%, FIASELAN:

/ " fay@)de ~ P @ty (@) + T @y ()

Ul
Y (zn) 2y (Tn-1) + g [f (@n—1,9 (@n-1)) + f (@0, y (x2))]

h
Yn = Yn—1 + 9 (f (@n—1,Yn-1) + f (®n,yn))
EXFRABREKBAR, BRRERE.
)RR JUATRERE?
BlRE: #HRERERNTRRN?
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ETHERDTIKBELN

BRERRER, MATARBIN-RERS
gn = Yn—-1 + hf (xnflvyn71>
Yn = Yn—1 + % f (Tn—1,Yn—1) + f (Tn, Un)] (5.3)
Yo = o

ERXNRFRAH Euler SKEEA, BIFREGH Euler £

ZiERK:

Yn = Yn—1 + g [f (xnflvynfl) + f (xruynfl + hf (xnfluynfl))]
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151 251
51: FA Euler 3k, BEREVIRELFE Euler KR

{ Yy =-y+r+1
y(0)=1

He, £ h=0.1, iHtEZE 2 =05,
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51: FA Euler 3k, BEREVIRELFE Euler KR

{ Y =-y+az+1
y(0) =1

Hep, HK h=0.1, HEE v = 0.5,
i %
fley)=—-y+z+1,
ro=a=0,b=0.5,y0=1,n=25,
1) Euleri&: HEARXA
Yn = Yn—1 + h(xn—l — Yn—1+ 1)
= hrp_1 + (]- - h)ynfl +h
=0.1z,-1 +09y,_1 +0.1

Fir LA
y1 = 0.1z + 0.9y + 0.1 = 1.000
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2) #FE HEARA

Yn = Yn—1 + 0.5h [(xn—l —Yn—1+ 1) + ($n —Yn + 1)}

8
~ 2-nh)yn—1+h(xy1+21)+0.2
Yn = 2+h
19y, 1+ 0.1 (21 + 2,) +0.2
N 2.1
FRr A
= 1.9yo +0.1 (330 + 1131) +0.2
1=

2.1
= 1.004762
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15133

3) BigtEulerik:

Yn =Yn-1 + 0.5h [(xnfl — Yn—-1 + 1) + (_ynfl —h (-’L‘nfl — Yn—-1 + 1) + Tn + 1]
=0.905y,_1 + 0.045z,,_1 + 0.05x1 + 0.095

A
y1 = 0.905yy + 0.045z¢ + 0.0521 4 0.095
= 1.005000

LI Xiao Peng
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SimpsonA T\,

[ sy

Tn—1

o) +af (5 (B ) )]

|:f ((Enlvyn1)+4f(xn1+guy<xnl+}2l>> + f(xnfl + hay(xnfl + h)):|

~
~

o> ol

FrIA

h h h
Yn = Yn—1 + g |:f(xn—13 yn—l) + 4f(517n—1 + §ay(xn—1 + 5))

+f(@n—1 + h,y(zn—1 + h))] (54)
EXERK, MEHE, BLFEE K.

Numerical Computing Methods



SimpsonA T\,

BENNXE (2,1, 2, BEITHS, SHAEHNKEKER b =5, TR
=)

Tp—1+ 5 = Tn,Tn—1 + h= Tn41

| (5.4)1LfE %

h

Yn+1 = Yn—1 + ?l[f(xnflvynfl> + 4f(mn7yn) + f(xn+1ayn+1)]
h

= Yn = Yn—2 + ?l[f(xnf27yn72> + 4f<xn71ayn71) + f(mnayn)]

ERXFRH Simpson KEAR.

LI Xiao Peng
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® Runge-Kuttajk
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Runge-Kuttaj&

EARE: BATRSMRBEMEEMEAS, WEEUAK, BIEOAXFIRE
Taylor RIFELER, fERTEHEVE FIME, TG BLA R A B — I

—fREIE R Runge-Kutta 753%, ATAB R

Yn = Yn—1 + c1k1 + c2ka + - + +enkn
= hf(l‘n—layn—l)
ky = hf(xpn—1 + azh,yn—1 + b2r1k1)
= hf(xn_1+ ash,yn—1 + baiki + bsaks)

kn = hf(zn-1+anh,Yn—1 +bn1k1 + bnoks + by N—1kN)

B, a;, by, c; AEH, EEXEEHNENE, EXRFE—ANAIKE (2,,9,)
&b Taylor E;F): & h R EHEESE

1 1
Yn = Yn—1 +11h + gvth + gvghs +
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Runge-Kuttaj&

5RO H RN Taylor R
Pn) = Y1) + Fuosho+ g Fo B2 L
BRAGEZNMES, BIEXK
M= fam1%2 = foo v = froae
Hep, foq fion filo BAIFRR
Y (@n-1) = f(@n-1,Yn-1), 9" (@n-1), 9" (Tn-1), -
ERAKMM N B8 Runge-Kutta 753%, HEBEHEHRZER OBV,

EFR, Euler ZR—M R-K 753%,
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Runge-Kuttaj&

TEUZH R-K 2 A%, kiR R-K HFERESIEIE.
€3] f(z,y) % (a,b) B Taylor RFF:
f(xay) Q—',f(a,, b) + fz(a7 b)(l‘ - a) + fy(av b)(y - b)

#2200 0o g @by -y )+ DD g g2
EXRTA A

Yn = Yn—1 + c1k1 + c2ko

k= hf(iﬂn—l, Z/n—l)

ko = hf(xn_1+ a2h,Yn—1 + ba1k1)

%%& 013027a27b2’ 1§?T_Ef Yn = y(fEn) HT-I-! E%Kﬁ&ﬁﬁ%%% O(h3)
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Runge-Kuttaj&

)lgl‘ k? E ($n71,yn71) %E;F; ’?EJ‘

ky =hf(xn—1 + azh,yn—1 + ba1k1)
=h [f(xn—layn—l) + thfz(-xn—hyn—l) + leklfy(zn—l,yn—l)

1
+§ [(a2h)2fwm (mn—lv yn—l) + 20,2b21 hklfwy (xn—la yn—l)

+(b21k1)2fyy(xn—1ayn—l)H
=h [y/(xnfl) + a2hfa:(xn71a ynfl) + b21hy/($n71)fy($n717 ynfl)

1
+§[a%h2fmz(xn—1, yn—l) + 2a2b21h2y/(xn—1)fzy(xn—l, yn—l)

+bglh’zyl(xnfl)nyy ($n717 ynfl)”
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Runge-Kuttaj&

Bk, ko RNy, B
Yn =Yn—1 + c1k1 + coko
=y(zn_1) + c1hy’ (xn_1) + c2hy/ (xn_1) + azcah® fo(Tn_1, Yn-1)

1
+ b2102h2y/(xn—1)fy(xn—la yn—l) + §a§CQh3fxx(mn—ly yn—l)

1
+ azba12h®y (Xn—1) foy (Tn—1,Yn—1) + §bglc2h3(y,(xn—l))2fyy(1'n—lvyn—l)
=y(xn-1) + (c1 + c2)y(xn—1)'h + [azca fa + c2ba1 f Fyl(wn_1yn_)P

1 1
+ [§a§C2fm +agbarca f foy + §b§162fyy](xn_1,yn_1)h3
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Runge-Kuttaj&

Yo, TE 2,1 SCHI Taylor BIF A

1 1
y(xn) :y(xnfl) + y/(xnfl)h + *y//(xnfl)hQ + gy”'(xn,l)h?’
=y(Tn— 1)+y(xn Vh+ 5 [fz+ffy] (Tr—1,Yn— 1)h

+ g[fm +2f fuy + L2 Fyy + Fo(fo + L) an 1m0 ®
Er LA

R, :y(xn) —Un
=(1—-c1 —c2)y (xn_1)h

t|G et Genrn) 1)h2+[<6 Sa3es)fo
1 1
+(§—a2b2102)ffmy (6 2b2102)fyy+ fy(fw'i'ffy)} W’
(Tn—1,Yn—1)

LI Xiao Peng

Numerical Computing Methods

27 Nov. 2023



Runge-Kuttaj&
EE R, R2/, Rk b, b2 TINRBAE:

1 1
c1+co=1,coa0 = 5702b21 =3

BRTERZMNFIE, 2 #0, il

1
=1- = by = —
C1 C2, a2 202’ 21 25

LRt R, 79

1 1 1
R, = [(* - 7)(fm’ + 2ffzy + foyy) + *fy(f:r + ffy)}(zn_l,yn_l)h?)
6 8co 6
B R, REN, HSL-L =0, 8
31 2,2
02_ 4701 - 470/2_ 3a 21 — 3

BEBBEHRER: R, = 2 [f,(fo + )@ rwn )
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Runge-Kuttaj&

R/ R-K 53R
Yn = Yn—-1+ — (k1 + 3ko)

kl - hf(xn—lvyn—l)

2 2
ky = hf(xn_1+ ghayn—l + gkl)

ZFENTAZM Heun (IKE) A%

%EﬂQZCQ:%,)”JJaQ:bm:l

Yn = Yn—1+ 3 (k1+k2)

k1 = hf($n—1,yn—1)
ky = hf(xpn—1+ h,yn—1+ k1)

5 Euler FUM-FZIEAETN
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Runge-Kuttaj&

Remark 1: FMATLUMELSZNZM R-K ik, XEFENEEIRESA
O(h?), IR ZM L. EF M Heun FERBENREI#HRL, BRIF f
FETUNER TENRER NI 5.

Remark 2: ZM R-K AN AIREIREI =R

Remark 3: EI#AJ#MEEMME R-K SEXENSBEESZEHMBBA=M R-K 5
SEMBAEIES, FUM R-K FiEMEAHBid4.

Remark 4. BEEMBAZEZBETIHEERX—HRABXA-
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Runge-Kuttaj&

E.Bﬁ R_K 5£o 1
Yn = Yn—1 + é(kh + 4ko + k3)
ki =hf(zn-1,yn-1)
1 1
ky =hf (»%1 + ihyynﬂ + 2k1>

ks = hf (xn-1+h,yn—1 + (2ka — k1))
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Runge-Kuttaj&

o (Z8) [ R-K 2%

1
Yn = Yn—1+ g(lﬁ + 2ko + 2k3 + ky)
ki =hf(xn_1,yn-1)

1 1
ko =hf(xn-1+ zh,yn—1+ k1)

2 2
1 1
ks = hf(rp_1+ §h,yn—1 + ka)

ks =hf(xn1+h,yn1+ k1)

LI Xiao Peng
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Runge-Kuttaj&

RXTR-KFGETEENTIL

—MRKAZEFRHERNERE, WHR-KFEFITENNREE, EEEE
EEZMAEEmn. Eit, ZXBEHOEE, RIRNGEFL KGR
N, BEEREMAZENTLHIGSKIEA—L, ANMERTEE.
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Bl ERA=M. FEMHR-KETEYERIRE:

{ y' =y 2 €10,0.5
y(0) =1

BIER T BUERE y1,y2, 3, HP =01
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Bl ERA=M. FEMHR-KETEYERIRE:

{ y' =y 2 €10,0.5
y(0) =1
BIER T BUERE y1,y2, 3, HP =01

fi#: (1) =ZMR-K3%

Yn = Yn—1 1 % (kl + 4k2 + k?’)

k1= f(zn-1,Yn-1) =v2_4

ko = f (n—1+ 0.5k, Y1 +0.5hk1) = (yn—1 +0.5hy2 ;)"

ks = f (Zno1 + Byt + h (ke — k1)) = (guor + b (22 — k1))
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Un=1

ki = f(zo,50) =5 =1
ko = f (xo + 0.5k, yo + 0.5hk1) = (yo + 0-5}193)2 = 1.102500
ks = f (w0 + hyyo +h(2ks = k1)) = (Yn—1 + h (2ks — k1))” ~ 1.255520
=10+ % (K7 + 4ks + k3) =~ 1.111092
Bn=2

ki = f(z1,91) = ¥ = 1.111092% ~ 1.234525
ko = f (w1 + 0.5k, yy + 0.5hk1) = (y1 +0.5hy?)” = 1.375502

ks = f (21 + hoyn + h(2ka — k1)) = (g1 + h (2kz — k1))” ~ 1.594512
Yo = Y1 + % (K1 + 4ko + k3) =~ 1.249943

Hn=3: B

LI Xiao Peng Numerical Computing Methods
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(2) TUBR-K3%

(xnflyynfl) = yﬁ,l

f(Zpn_1+ 0.5k, yp_1 + 0.5hK1) = (yn_1 + 0.5hK;)>
K3 = f(@n-1 4 0.5h, Yn_1 + 0.5K3) = (yn_1 + 0.5hK>)°
Ky = f(@n-1+hyyno1 + hK3) = (yo_1 + hK3)*

Yn = Yn—1 + 2 (k1 + 2k2 + 2ks + k)

= f (20,%0) = y3 = 1.000000

= f (zo 4 0.5h, 3o + 0.5hk1) = (yo + 0.5hk1)* = 1.102500
ks = f (zo + 0.5k, yo + 0.5hks) = (yo + 0.5hks)® ~ 1.113289
= f(z0o + h,yo + hks) = (yo + hks)® ~ 1.235052

Y1 =Yo + G (kl + 2ko + 2k3 + k4) ~ 1.111111
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Hn=2
= f(z1,y1) = y} = 1.234568
= f(z1 4 0.5k, y1 + 0.5hky) = (y1 + 0.5hk1)* = 1.375551
= f(x1 +0.5h,y1 + 0.5hks) = (y1 + 0.5hks)? ~ 1.392138
k4 = f(z1 + h,y1 + hks) = (y1 + hks)® ~ 1.563313
Y2 = y1 + & (k1 + 2ka + 2k + ky) ~ 1.249999
Hn=3
kl = Ig,yg) = y% = 1.562498

&9 + 0.5k, ya + 0.5hks) = (y2 + 0.5hks)” &~ 1.790766
Ty + h,ys + hks) = (y2 + hks)® ~ 2.042258
y3 = yo + & (k1 + 2ko + 2ks + k) ~ 1.428568

I

k:g = f (v2 4 0.5k, y2 + 0.5hk1) = (y2 + 0.5hk;)* = 1.763913
f(
f(
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